A calculation of site-bond percolation thresholds in many lattices in two to five dimensions is presented. The line of threshold values has been parametrized in the literature, but we show here that there are strong deviations from the known approximate equations. We propose an alternative parametrization that lies much closer to the numerical values.
Introduction
Site-bond percolation is a natural generalization of pure site percolation and pure bond percolation. The generalization allows both sites and bonds to be randomly occupied, with probabilities p s and p b respectively, in the case of random percolation. In particular, if p b = p s , site-bond percolation reduces to a pure site or pure bond percolation on a decorated lattice. It is also possible to introduce a correlation between the occupation probabilities of adjacent sites and bonds, which is usually referred to as correlated percolation. Site-bond percolation has many applications in different fields. For example, it was used to describe the sol-to-gel transition (gelation) of polymers, 1 the spreading of an infection, 2 etc. In site-bond percolation one looks for clusters of occupied sites, connected to each other by occupied bonds. When there is a cluster that connects one side of the system with the other, the system is said to percolate. First mentioned by Frisch and Hammersley, 3 the model was investigated at first by Hoshen by means of Monte Carlo simulations. 4 Agrawal et al. 5 showed, using a series method, that the critical exponents of pure site percolation are also valid for site-bond percolation. Nakanishi and Reynolds 6 confirmed this conclusion through a position-space renormalization group study. They also found that the boundary between percolation and nonpercolation in the (p b , p s ) plane is governed by a single fixed point. Hammersley 2 proved for a partially directed graph a theorem. The theorem yields the inequality
where P (p s , p b ) is the percolation probability (i.e. the probability that a single source site is connected to an infinite set of other sites). The inequality Eq. (1) gives reasonably sharp bounds for the mixed percolation probability. For a Bethe lattice (p cb = p cs = p c , where p cs is the threshold for pure site percolation, and p cb is the one for pure bond percolation) we can get
The shape of the boundary between percolation and non-percolation was subsequently studied by Yanuka and Englman. 7 They proposed the following equation for the 'critical curve' in the (p b , p s ) plane.
The equation satisfies the inequality Eq. (1) Therefore we have undertaken a systematic study of the threshold values (p b , p s ) for random site-bond percolation in many lattices. The results, which are presented in Section , show many deviations from the Yanuka-Englman line of Eq. (3). The deviations are largest for lattices with a low ratio of α = p cb /p cs , i.e. lattices for which the bond percolation thresholds is much lower than the site percolation threshold. In Section 2 we discuss other approximative equations for the critical line (p b , p s ).
Numerical results
All numerical results were obtained with the programs described in Ref. 
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where the critical exponent ν has the value 4/3 in two dimensions, and 0.88, 0.68, 0.57 in 3, 4, and 5 dimensions respectively 10 . These steps are precisely the same as for pure site or pure bond percolation. The results are shown in Tables 1-4 and in Figures 1-6 . We have checked that for pure site percolation, and for pure bond percolation, our program yields results equivalent to more precise literature values (see Table 5 ).
We verified several scaling laws in percolation, as a check on the program. First, we calculated the correlation length ξ below the percolation threshold, as a function of p c − p. The correlation length scales as
The calculation was performed by first computing the 'gyration radius' R s for a cluster of s sites. This radius is defined by
where r i is the position of the i th site in the cluster. The correlation length ξ can then be calculated as (see Ref.
10 , p. 50)
where n s is the mean number per lattice site of clusters of s sites. We verified numerically that the correlation length obeys the scaling relation (5). Our result for site-bond percolation on the Kagomé and diamond lattices is shown in Figure 2 . A fit of the scaling relation to the data yields ν = 1.31±0.01 for the Kagomé lattice, and ν = 0.91 ± 0.04 for the diamond lattice. This is within one or two standard deviations of the established values of ν = 4/3 in two dimensions and ν = 0.88 in three dimensions. Also we have checked the scaling of the mean cluster size S and the strength of the infinite cluster, both as a function of |p − p c |. The average cluster size S scales with the same exponent both above and below the percolation threshold:
with γ = 43/18 in two dimensions, and 1.80 in three 10 . The results for site-bond percolation on the Kagomé and diamond lattices is shown in Fig. 3 . The fits to the scaling relation (8) The strength P of the infinite cluster scales as
with β = 5/36 in two dimensions, and 0.41 in three 10 . The results for site-bond percolation on the Kagomé and diamond lattices is shown in Fig. 4 . The fits to the scaling relation (9) 
Approximate equations
It is clear from Figure 1 that there are systematic deviations from the YanukaEnglman line. The accuracy of the numerical values, as indicated in Tables 1-4 is easily high enough to warrant this conclusion. The Yanuka-Englman line is situated above the numerical values for all calculated examples. One can say it is an upper estimation for the real critical curve. In general it seems that the deviations are largest for lattices with a low ratio of α = p cb /p cs , i.e. lattices for which the bond percolation thresholds is much lower than the site. The most clear example is the 'low-p b ' lattice (see Fig. 5 ), which has p cs = 0.5 and p cb = 0.2006(3) (see Table 5 ). This lattice has been constructed from the triangular lattice in two steps, see Fig. 5 . All the lattices in this figure are fully triangulated and have therefore
, as shown by Sykes and Essam 13 . The bond percolation threshold, however, will decrease with every step in Fig. 5 , and these steps can be repeated even further. In this way one can construct lattices with arbitrarily low ratio p cb /p cs . , but the bond percolation threshold decreases from left to right.
One of the most remarkable results in our calculations is the results for two pairs of lattices with very close or equal critical probabilities. One pair is the face centered cubic (fcc) lattice and the hexagonal close packed (hcp) lattice. Another pair, in two dimensions, is the direct lattice and the puzzle lattice (we use here the nicknames as in Ref.
12 ). The fcc and hcp lattices, although they are topologically different, have p Table 5 ). Also the critical curves we calculated for these lattices are the same within our error margin. In two dimensions, the pure site and pure bond percolation thresholds of the direct and the puzzle lattice are almost the same. Also for this pair the critical curves lie close together.
These results suggest that once the pure site and pure bond thresholds are known, the whole critical curve is fixed. In other words, there is no need to use extra parameters (such as critical exponents, dimension, or coordination number) to describe a critical curve but p cb and p cs . In this context it is interesting to note that in the limiting case of Bethe lattices, Eq. (2), there are also no parameters other than p c .
One can try to find an equation for the critical curve by making use of the work of Hammersley, who derived boundaries for mixed percolation Let us look for a critical relationship as a combination of these boundaries After some transformation we have
where
The relationship Eq. (10) gives almost the same results as Eq. (3) provided p b and p s are close (square, simple cubic, octagonal, etc.). In these cases both curves and the numerical points are in good agreement with one another. In other cases Eq. (10) gives much better approximations than Eq. (3) (see Figure 6 ). We examined a number of different relationships with 2 and 3 parameters to describe the numerical results. Although the results were excellent for some lattices, we could not find a relationship suitable for all lattices.
Hence the problem to find the real law for critical probabilities is still unsolved. We hope this work with the large collection of high precision numerical results and the new estimation of critical probabilities will assist to solve the problem.
